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     by Spring-and-Segment Model*
Osamu  KUWAZURU** 
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   A design methodology of flexible structures is presented for the enrichment of the 
structural function by utilizing the mechanism realized by the large elastic deforma-
tion of flexible members. The flexible member is modeled by straight bar segments 
linked by virtual coil springs. Its large deformation is analyzed by the Lagrange 
multiplier method, the functional of which is constituted in line with the principle of 
stationary potential energy with constraints on geometrical boundary conditions. The 
sensitivity analysis is formulated especially for the solution obtained by the Lagrange 
multiplier method so as to approximate the change of the structural response in the 
first-order sense with respect to design variables. Owing to the sensitivity analysis, 
governing equation of the design variables to realize the prescribed structural perfor-
mance is derived as the linear simultaneous equations. The solution of design variables 
is determined by the Moore-Penrose generalized inverse since the coefficient matrix 
becomes rectangular.
Key Words : Flexible Structure, Energy Method, Numerical Analysis, Sensitivity 
  Analysis, Optimum Design, Lagrange Multiplier Method, Moore-
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              1. Introduction 
   One of the typical characteristics of the advanced 
structures, such as space  structures"), and 
 microactuatorsm, is the decrease of stiffness arising 
from the enlargement or downsizing in the dimension 
of the structure. On the other hand, the compliant 
 mechanism(3M4) generating a sort of mechanism 
by its large elastic deformation or the flexible 
 manipulator(sus) aiming at the light-weight are pro-
gressively utilized for the purpose of the enrichment 
of the function of structure. The gist of the design of 
these flexible structures is on the handling of the
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geometrical nonlinearity. 
   In the case of in-plane problems, most of the 
flexible structures can be modeled by the members of 
thin rod. The problem to deal with the large deforma-
tion of the flexible rod, that is, the elastica problem 
has been studied for a long  time'', and the various 
kind of solutions have already been obtained by the 
analytical method using the elliptic  integrals(8)-(12) or 
the nonlinear finite element  method(13),(14). The appli-
cation of the elliptic integral method is limited to the 
primitive problem concerning with elementary mem-
bers, since it requires the analytical solution of the 
differential equation derived for problemwise. The 
nonlinear finite element method is versatile even in the 
large deformation analysis. However, the design by 
the nonlinear finite element method requires the high 
computational costs. On the other hand, for the 
purpose of the reduction of computational costs, the 
discretized model by the straight bar segments con-
nected by virtual coil springs has been proposed for 
the analysis of largely deflected frame  structures("m16). 
But the formulation of design, that is, the formulation 
for the sensitivity analysis and the following decision 
of design variables has not been established yet for
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such spring-and-segment model. 
   In this study, a design method of the flexible 
structures using the spring-and-segment model to 
separate the elastic deformation into the bending and 
the elongation is formulated. The potential energy, 
which consists of the strain energy and the work done 
by the external forces, is derived for the proposed 
model in terms of the slope angle and the length of 
segment. On the basis of the principle of stationary 
potential energy, the large deformation analysis is 
formulated by means of the Lagrange multiplier 
method with the equality constraints on the geometri-
cal boundary conditions. The formulation of the rate-
of-change of the solution of unknowns, that is, the 
slope angles, the lengths and the Lagrange multipliers 
is derived from the first-order approximation of the 
stationary condition of the Lagrangian form with 
respect to the design variables. And the change of 
structural responses i  approximately predicted in the 
first-order sense by using the evaluated rate-of-
change. The governing equation for the design vari-
ables to change the structural responses under interest 
into the prescribed ones is derived as a set of simulta-
neous equations in line with the first-order prediction. 
Use is made of the Moore-Penrose generalized 
 inverse" to solve the governing equation, since the 
matrix of coefficients becomes rectangular generally 
in this formulation. The validity of the proposed 
formulation is investigated through the design exam-
ples for a pseudo-link mechanism and a flexible 
frame. 
       2. Large Deformation Analysis 
 2. 1 Spring-and-segment model of flexible struc-
      ture 
   In this study, we take account of static and in-
plane deformation of the flexible structure, and neg-
lect the gravity. Supposing the in-plane flexible struc-
ture can be modeled by the combination of beam-like 
members which are partially or fully flexible in many 
cases, we give a discretization method of a flexible 
member of thin rod in this section. The member of 
length L is initially straight with uniform cross sec-
tion, and discretized into N+1 segments connected by 
N virtual coil springs as shown in Fig. 1. The points 
of springs and both ends are called nodes in this study. 
The spring constants of the virtual coil springs are 
made uniform by setting the initial segment length 
equal to  l0/2  (10—LIN) in the both ends and  /0 for the 
others. The nodes are successively numbered from 0 
to  N+1, and the segments from  1  to  N+1 from one 
end which is named origin node. Young's modulus, the 
cross-sectional area and the flexural rigidity are 
uniform in the member, and denoted by E, A and I,
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Fig. 1 Discretized model of a flexible member
X
respectively. The shape of cross section of the mem-
ber is assumed to be invariable during the deforma-
tion. The spring constant of the virtual coil spring 
which prescribes the relationship between moment 
and rotation angle is denoted by kB, and that of the 
segment which indicates the relationship between 
axial force and elongation is denoted by kT. These 
spring constants are obtained as 
kB=EI (1) 
and 
      gnEA  kT— (  2  )  /
0 
where  gn is introduced to indicate the difference of 
initial segment length and set equal to 2 for the both 
ends and 1 for the  others". The suffix n indicates the 
node number or the segment number, hereafter. The 
unknown variables for the analysis are the position of 
the origin node  (xo,  yo) and the slope angle  On and 
length  In of all the segments after deformation. The 
nodal positions  (Xn,  Yn) other than the origin node are 
subordinately represented by these unknown vari-
ables. 
   It is assumed that the bending and the elongation 
contribute to the strain energy independently, and the 
elastic energy of segments and coil springs calculated 
by using the spring constants kB and kT is equivalent 
to the total strain energy of the rod. So that, the total 
strain energy S of the rod is evaluated as 
      1 N    SE
1kB( 0.+1— 002           Gn= 
     +19N1 kT(1nl°•  )2 ( 3  )      2n=1tan 
   Suppose that the external forces are conservative 
and able to be discretized into the forces on nodes and 
the moments on the segments. The external force 
vector is denoted by {P} which consists of the x and y 
component of nodal forces and segmental moments. 
We define the configuration vector which consists of 
the nodal positions and the segmental slope angles
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related to the components of{P} for the description of 
the displacement. The configuration vector before the 
deformation denoted by  {X} is determined by the 
initial undeformed shape of the member, and that 
after the deformation denoted by {x} is represented by 
the independent unknown variables  Xo, yo,  On and  ln. 
Since the difference of {x} from {X} means the dis-
placement, the external work done by {P} can be 
obtained as 
  W={P}T({x}—{X})  ( 4  ) 
where the superfix T indicates the matrix transpose. 
 2. 2 Lagrange multiplier method 
   We propose a formulation of large deformation 
analysis on the basis of the principle of stationary 
potential energy. In the modeling by the spring and 
segment mentioned above, the unknown variables  xo, 
yo,  On and  In are explicitly used to describe the poten-
tial energy. Hence, we necessitate the Lagrange 
multiplier method with equality constraints on the 
geometrical boundary condition and the joint condi-
tion between the members in terms of the unknown 
variables. The Lagrangian form H is constituted as 
                     NB 
 H=St—Wt—  piqi  (  5  ) 
                         t-i 
where St and Wt is the total strain energy and the 
total external work in the system, respectively, qi the 
equality constraint representing the geometrical 
boundary condition or the joint condition,  fit the 
Lagrange multiplier, and NB the total number of the 
constraints. The Lagrange multiplier  1.1, corresponds 
to the change rate of the potential energy with respect 
to the change of the constraint value related to the 
geometrical boundary condition. So that,  u= means 
the reaction force against the related geometrical 
boundary  condition(19). 
 S  of  Eq.  (  3  ) and  W  of  Eq.(  4  )  are  summed  up  for 
all the members to obtain St and Wt, respectively. 
Concerning the constraint for the joint condition in 
case that  Nc members are jointed at one point, the 
constraint consists of  2(Nc —1) equations which repre-
sent the identity of x and y components of the nodal 
position for the jointed nodes. If the joint is a  rigid-
joint, additional  Nc —1 equality constraints are 
required to hold the joint angles. 
   For the sake of simplicity, the independent un-
known variables  Xo, yo, On and  In for all the members 
and the Lagrange multipliers  Pi are denoted by  u,, and 
the total number of  it, is denoted by J, hereafter. The 
stationary condition of the Lagrangian form H with 
respect to  u, leads to the nonlinear simultaneous 
equations described in the abridged  form  :
   all}={F(u,, am)}={0}  ( 6  )     au, 
where  {F(u,,  am)} is a vector function which consists
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of J equations, and  am the design variables used for 
the design change referred in the following chapter. 
The total number of  am is denoted by M. In the 
deformation analysis,  am is regarded as a constant. In 
this formulation, the initial estimated values of the 
unknown variables  u, are judiciously determined at 
first, then these values are iteratively renewed by 
means of the Newton-Raphson method until the solu-
tion is converged. The obtained solution of the un-
known variables u, is denoted by  U, hereafter. 
   In a problem of large deformation, the uniqueness 
of the solution is not guaranteed even in the case of 
elastic deformation. For instance, the post-buckling 
deformation in the bifurcation buckling depends on 
the initial imperfection and the load  path(20). This 
kind of many-valuedness of the solution should be 
seriously taken into account in the analysis. On the 
other hand, we prescribe the desirable deformed shape 
to realize a target function of the flexible structure. In 
this case, we can adequately predict the initial esti-
mated shape in this problem of the structural design. 
 2. 3 Investigation of the deformation analysis 
   The validity of the proposed analysis method is 
investigated through the two-dimensional post-buck-
ling problem of the strut. The one end of the strut is 
fixed, and the other end is free and subjected to the 
compressive load P as shown in Fig. 2. The initial 
length of strut is set as L=300 mm, Young's modulus 
 E=1.0 GPa, the cross-sectional area  A  =80.0 mm2, 
and the moment of inertia  1=500  me. The number 
of discretization is  N=30 in this example. 
   The comparison of the numerical solution 
obtained by the proposed method with the elliptic 
integral  solution(8) is carried out in the illustration of 
the deformed shape for the first post-buckling. The 
deformations calculated by the proposed method at 
the compressive load P equal to 15 N, 20 N, 25 N and 
40 N are illustrated by the solid lines in Fig. 3. The 
corresponding elliptic integral solutions are indicated 
by the broken lines in Fig. 3. The both results agree 
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Fig. 3 Deformation of first post-buckling
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             3. Design Change 
 3. 1 Rate-of-change of solution 
   After the deformationanalysis mentioned in the 
previous chapter, a legitimate question how we should 
change the initial trial design raises in case that the 
required function of the structure has not been 
fulfilled. We derive a formulation of the sensitivity 
analysis for the proposed spring-and-segment model 
in line with the conventional structural optimization 
technique. Considering the solution  U, changes from 
the current value  a by  A  U, when the design variables 
are changed from the current value  am by  Dam, we 
calculate the relationship between  Dam and  A  U. 
 am=  a.+/am  ( 7  ) 
 U,= + A U,  ( 8  ) 
The upper bar ( ) indicates the value of the current 
trial design, hereafter. The change of  {F( am)) of 
 Eq.  (  6) is approximately expressed in the first-order 
with respect o A U; and  Dam by 
           Ia   {
F(UJ,-dm))+E nr,
u,{ma,tim)}Aui             ,=, 
    + E  
CY        1 Om{F(t7j,iii.)}Aam={0}  ( 9  )     E  
after the truncation of the higher order terms of the 
Taylor series. The first term in the left-hand side of 
 Eq.  (  9) becomes null vector, because the  a and am 
make the stationary condition of  Eq.  (  6) hold after 
the deformation analysis. Hence,  Eq.  (  9) can be 
rewritten in the matrix form as 
 [G]{AU}  =  —[A]lAal (10) 
where  {A  U} and  {Da} are the vectors consisting of 
0U; and  Dam, respectively,  [G] and [A] the matrices 
consisting of the derivatives of  IF( am)) with 
respect o  A  U, and  Aam, respectively.  [G] is a square 
and symmetric matrix of  J  x  J, and [A] is a rectangu-
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lar matrix of  J  x  M. If  [G] is non-singular, the 
linear relationship between  {A  U} and  {Ace) can be 
obtained from Eq. (10) with the coefficient  matrix 
 —[G]-1[A]. The component of j-th row and m-th 
column in that coefficient matrix corresponds to the 
sensitivity of  A  U; with respect to  Aam, and is called 
the rate-of-change of the solution in this study. 
 3. 2 Decision of design variable change 
   After the completion of the analyses for the 
deformation and the rate-of-change mentioned above 
with appropriate selection of the initial trial design 
and the design variables, we consequently derive a 
formulation to decide the change of the design vari-
ables. We pose the design problem to realize a pre-
scribed relationship between the external force and 
structural response, which is described in terms of the 
nodal positions  (xn,  yn) and the reaction forces. We 
select K structural responses  Pk and set their objec-
tive values  P;; to translate the relationship into equal-
ity constraints. We derive the governing equation of 
the design variables so as to make  pk equal to  PP, 
within the sense of the first-order approximation. 
The rate-of-change  Pk of with respect o the design 
variable change  Dam is calculated by the linear trans-
formation of the rate-of-change of the solution 
evaluated by the manner mentioned in the previous 
section. Then, the change of  Pk can be expressed by 
the first-order  approximation  : 
    _ M 
  Pk—Pk+ E pkm Dam (11) 
                    m=1 
where  Pim is the rate-of-change of  Pk with respect to 
 Dam. The governing equation of the design variables 
change is derived by 
 plkm  Aam=p1--  k (12) 
      m=1 
to hold the prescribed equality constraint hat  Pk is 
equal to  Pk. The governing equation for the decision 
of the design variables change is obtained as a set of 
linear simultaneous equations of  Eq.(12) for the K 
structural responses under interest, and summarized 
in the matrix  form  :
 [D]{Aa}  fel (13) 
where [D] is the  K  x  M matrix which consists of  Pikm 
and  fel the residual vector to the objective response 
which consists of  p);—  )k. The amount of the design 
variables change is determined by the particular solu-
tion obtained as Eq. (14) by making use of the Moore-
Penrose generalized inverse  '17), since the matrix of 
coefficients becomes rectangular in general. 
 {Da} =[D]-{e} (14) 
The superfix (—) indicates the Moore-Penrose gener-
alized inverse. Equation (14) gives the solution of the 
minimum norm, if the condition of solution  exi-
stence(' holds for  Eq.  (13). Otherwise,  Eq.  (14) gives
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the approximate solution of least-squares. In order 
to compensate the error caused by the first-order 
approximation, the sequence of the deformation anal-
ysis for the current trial design and the following 
design change by Eq. (14) are iteratively carried out 
until the residual vector {e} becomes negligibly small. 
The feasibility of the design problem to obtain the 
objective structural response depends on the adequacy 
in the selection of the initial trial design and the 
design variables, since we choose the nearest solution 
from the current trial design in the sense of the 
minimum norm. 
           4. Numerical Examples 
 4.1 Pseudo-link mechanism 
   A flexible strut, which is initially straight, is 
employed for the design problem to realize a pseudo-
link mechanism. The left end of the strut is fixed to 
the rigid wall, and the right one is restrained in the 
rotation and the vertical displacement by the slider, as 
shown in Fig. 4 (  a  ). This system realizes the mecha-
nism to transform horizontal force applied to the right 
end into the vertical one at the center of the strut by 
the buckling as illustrated in Fig. 4 (  b  ). We set the 
design requirements in terms of the horizontal span B 
and the height of the bending strut H under the 
prescribed compressive load P. 
   The structural parameters of the strut are given 
as Young's modulus  E  =1.0 GPa, the cross-sectional 
area  A  =80 mm2, the moment of inertia  /  =500  mm4 
and the initial length  L=300 mm. The strut is discret-
ized by the number of division N=75. The design 
variables are assigned to the spring constant kB of all 
the virtual coil springs. The objective values of B and 
H are set equal to  B±  =150  mm and  II+  =100  mm 
under the load of  P=250 N. 
   The result of the deformation analysis for the 
initial trial design is illustrated by the broken line in 
Fig. 5. The span B and height H under the prescribed 
load  P=250 N are B=227.7 mm and  g=85.9 mm, 
respectively. In the preliminary trial of design 
change, some design variables, that is, the spring 
constants became negative, because the difference 
between the objective response and initial one is too 
large to approximate the change of the responses in 
the first-order. So that, the design change is carried 
out by the value of one tenth of the solution deter-
mined by  Eq.  (14). As the result, the objective defor-
mation illustrated by the solid line in Fig. 5 is obtained 
after the 121 times of the design changes. The distri-
bution of the flexural rigidity translated from the 
spring constants  kB after the design change is shown in 
Fig. 6. The abscissa indicates the distance from the 
left end along the strut. The broken line indicates the 
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value of the initial trial design. This figure shows that 
four parts of low rigidity, which correspond to the 
hinges, appear to realize pseudo-link mechanism. 
 4. 2 Flexible frame 
   The folding of the flexible frame which consists of 
the twelve flexible members shown in Fig. 7 is em-
ployed for the design problem to imitate the two-
dimensional variable geometry  truss(2') by the elastic 
deformation of members. The double circles in Fig. 7 
indicate the pin-joints, and the other joints of mem-
bers are rigid. This frame is folded by the two 
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horizontal compressive loads P until the longitudinal 
span of the frame becomes half of the deployed one, 
while the rotation of the lower right end is fixed by the 
moment M. We take only the deformation mode in 
Fig. 7 (  b) into account in this problem. The two 
folding forces  PF, which correspond to the compres-
sive loads at the half span, are changed into the 
objective value by the proposed formulation. 
   The structural parameters of all the members are 
set as Young's modulus  E  =210 GPa, the cross-sec-
tional diameter  d=0.5 mm and the initial length L= 
100 mm. A single member is discretized by the num-
ber of division N=10. The origin nodes of members 
are set on the pin-joints for longitudinal members and 
on the upper ends for the transverse members. The
Series A, Vol. 44, No. 1, 2001
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 xLp=250 mm,  P=0.196 N
Fig. 9
 (d)  xLp  =200  mm,  P=0.214  N 
 Folded shape for initial trial design
design variables are assigned to the spring constants 
kB of all the virtual coil springs. 
   The broken line in Fig. 8 shows the relationship 
between the compressive load P and the x-coordinate 
of the load point  xLp obtained from the deformation 
analysis for the initial trial design. The folding force 
of the initial trial design PF is equal to 0.214 N. The 
deformation shapes during the folding are shown in 
Fig. 9. We set the objective values of the folding 
forces equal to  N=0.150 N. As the result of the 
design change, the folding force decreases to the 
objective one after the third design change. Figure 10 
shows the distribution of the flexural rigidity of the 
members calculated by Eq.  (  1  ) from the spring con-
stants obtained after the design change. Figure 10 (  a  ) 
concerns the horizontal members and Fig. 10 (  b) the 
vertical ones. The abscissa indicates the distance 
from the origin node along the member, and the 
broken line indicates the value of the initial trial 
design. The  flexural rigidity of the vertical members
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was not changed at all, and that of the horizontal 
members was symmetrically reduced with respect to 
the rigid-joints. The solid line in Fig. 8 shows the 
relationship between P and  xLp obtained after the 
successful design change. 
          5. Concluding Remarks 
   We proposed a design methodology of flexible 
structure applicable to the two-dimensional problem 
of static and large elastic deformation, and investigat-
ed the versatility and validity of the proposed method 
through two numerical examples. The flexible mem-
ber of thin rod was discretized into the virtual coil 
springs and the straight segments, and its large defor-
mation was analyzed by means of the Lagrange 
multiplier method based on the principle of stationary 
potential energy. The formulation of design change 
was presented by making use of the rate-of-change of 
the solution analysis and the Moore-Penrose general-
ized inverse. The numerical examples concerned the 
designs of the pseudo-link mechanism and the folding 
flexible frame. 
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